Two main assumptions which underlie the Stoney formula relating substrate curvature to mismatch strain in a bonded thin film are that the film is very thin compared to the substrate, and the deformations are infinitesimally small. Expressions for the curvature-strain relationship are derived for cases in which these assumptions are relaxed, thereby providing a basis for interpretation of experimental observations for a broader class of film-substrate configurations.
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Curvature based techniques for the measurement of stress in thin films are gaining increasingly widespread use [l-51. The Stoney formula [6] serves as a cornerstone of experimental work on stress measurement in thin films bonded to substrates. In its most basic form, the formula provides an expression for the curvature K of the substrate in terms of the residual force f in the film (interpreted as a force per unit distance along the interface) due to misfit or other residual elastic strain; this expression is where h,, and Ms are the thickness and the bi-axial elastic modulus of the substrate. The formula does not involve the properties of the film material, nor does it presume of any particular through-the-thickness distribution of the film stress with resultant f.
The formula (1) follows from an analysis of a model of the film-substrate system which is based on several assumptions, and the point of the present discussion is to examine the range of applicability of some of these assumptions in light of current practice [7, 8] . The main assumptions are: ( i ) both the film and substrate thicknesses are small compared to the lateral dimensions; ( i i ) the film thickness is much less than the substrate thickness; (iii) the substrate material is homogeneous, isotropic and linearly elastic, and the film material is isotropic; (iv) edge effects near the periphery of the substrate are inconsequential and all physical quantities are invariant under change in position parallel to the interface; ( u ) all stress components in the thickness direction vanish throughout the material; (vi) the strains and rotations are infinitesimally small. Current measurement technology is applied in situations where the validity of one or more of these assumptions is questionable. As a guide to the interpretation of data, more exact expIssions are derived here for the relationship between mismatch strain and curvature when assumptions ( i i ) and (vi) are relaxed. The first case treated is that with film and substrate of similar thicknesses, but the deformations are still small. Then, nonlinear deformations are taken into account.
To make the discussion definite, attention will be focused on a system with a circular substrate of radius R, the only lateral dimension of consequence. Results are identical for other substrate shapes in the linear deformation regime, and only small quantitative differences arise for nonlinear deformations. For the time being, it will be assumed that the film material is also homogeneous and the stress is uniform through the thickness of the film. A polar section of the system is shown in the inset in Figure 1 , with the film and substrate thicknesses labeled as h,f and h,, respectively, and similarly for the elastic modulus E , Poisson ratio v and biaxial 8, z ) coordinates are adopted with the origin on the geometrical midplane of the substrate and the polar axis, or z direction, perpendicular to the interface as shown.
Mismatch strain is a system parameter denoted by em; in terms of lattice parameters of the film and substrate, say af and a,, respectively, it is defined for an epitaxial system by em, = (Q, -n f ) / n f . ,Mismatch strain can also arise from difference in thermal expansion characteristics or other physical sources. 
where h, = h.f/hjS and m, = Mf/M,. This is the generalization of the Stoney formula for uniform mismatch strain in the film for arbitrary thickness ratio and arbitrary modulus ratio. The factor outside the square brackets in (6) is K S~, and 6 t K S~ as h, + 0.
For the case when m, sz 1, an expansion of (6) To get a clearer picture of the difference between the Stoney expression and the complete expression in (6) , consider the range of parameters h.f/hs and M f / M s for which where K as given in (6) is presumed. The solid and dashed curves in Figure 1 indicate the locus of points along which the equality in (7) applies, and the region between the curves is the range in the parameter plane for which the use of the Stoney formula for curvature is accurate to within 10% of the more complete result. 
It should be noted that the strains are still small and Hooke's law is still appropriate for a description of material behavior. The main point is that the second-order contribution of rotation to strain can be as significant a s the first-order linear effect. (In terms of the nonlinear strain tensor, commonly known as the Lagrange strain in material coordinates, the second-order contributions due to stretching are ignored but the second-order contributions due to rotation are retained.)
If it is assumed that the curvature is uniform for this case as well, then the midplane displacement is taken to be
The term in U ( T ) which is cubic in T contributes t o eTT in the same way as does w ' ( T )~, and these two terms compete in minimizing the total potential energy. Also, once the nonlinear description is adopted, the lateral dimension R necessarily enters into any expression for curvature.
The requirement that the potential energy must be stationary under variations in K , eo, and €1 at equilibrium leads to a nonlinear relationship between curvature and mismatch strain which is too complicated to warrant presentation here in its most general form. However, for the case when h,f << h,,, it reduces t o the compact form
where S = $emR2h.fMf/h:n/[s is a normalized mismatch strain and K = $R2ic-/hs is a normalized curvature.
A g n p h of K versus S as given in (11) is shown in Figure 3 , where it is compared to the lineal curvature-strain relationship based on the same assumptions but ignoring nonlineai kinematics. The most important observation is that nonlinear effects arise for normalized misniatcli An issue which is noted here, but which will not be discussed further, is that the equilibrium state established for large deformation renders the total potential energy stationary but not necessarily minimum. Indeed, if the possibility of a non-axisymmetric deformation is admitted in the assumed parametric deformation field, the axially symmetric configuration may be unstable if the mismatch strain is large enough. In that case, the system tends toward an asymmetric stable configuration with an ellipsoidal shape instead of the spherical shape [10, 12, 13] . 
